Abstract. In this survey, we present a geometric description of Lagrangian and Hamiltonian Mechanics on Lie algebroids. The flexibility of the Lie algebroid formalism allows us to analyze systems subject to nonholonomic constraints, mechanical control systems, Discrete Mechanics and extensions to Classical Field Theory within a single framework. Various examples along the discussion illustrate the soundness of the approach.
Introduction
The theory of Lie algebroids and Lie groupoids has proved to be very useful in different areas of mathematics including algebraic and differential geometry, algebraic topology, and symmetry analysis. In this survey, we illustrate the wide range of applications of this formalism to Mechanics. Specifically, we show how the flexibility provided by Lie algebroids and groupoids allows us to analyze, within a single framework, different classes of situations such as systems subject to nonholonomic constraints, mechanical control systems, Discrete Mechanics and Field Theory.
The notions of Lie algebroid and Lie groupoid allow to study general Lagrangian and Hamiltonian systems beyond the ones defined on the tangent and cotangent bundles of the configuration manifold, respectively. These include systems determined by Lagrangian and Hamiltonian functions defined on Lie algebras, Lie groups, Cartesian products of manifolds, and reduced spaces.
The inclusive feature of the Lie algebroid formalism is particularly relevant for the class of Lagrangian systems invariant under the action of a Lie group of symmetries. Given a standard Lagrangian system, one associates to the Lagrangian function a Poincaré-Cartan symplectic form and an energy function using the particular geometry of the tangent bundle. The dynamics is then obtained as the Hamiltonian vector field associated to the energy function through the Poincaré-Cartan form. The reduction by the Lie group action of the dynamics of this system yields a reduced dynamics evolving on a quotient space (which is not a tangent bundle). However, the interplay between the geometry of this quotient space and the reduced dynamics is not as transparent as in the tangent bundle case. Recent efforts have lead to a unifying geometric framework to overcome this drawback. It is precisely the underlying structure of Lie algebroid on the phase space what allows a unified treatment. This idea was introduced by Weinstein [54] (see also [31] ), who developed a generalized theory of Lagrangian Mechanics on Lie algebroids. He obtained the equations of motion using the linear Poisson structure on the dual of the Lie algebroid and the Legendre transformation associated with a (regular) Lagrangian. In [54] , Weinstein also posed the question of whether it was possible to develop a treatment on Lie algebroids and groupoids similar to Klein's formalism for ordinary Lagrangian Mechanics [22] . This question was answered positively by E. Martínez in [38] (see also [13, 39, 41, 49] ). The main notion was that of prolongation of a Lie algebroid over a mapping, introduced by P.J. Higgins and K. Mackenzie [19] . More recently, the work [26] has developed a description of Hamiltonian and Lagrangian dynamics on a Lie algebroid in terms of Lagrangian submanifolds of symplectic Lie algebroids. An alternative approach, using the linear Poisson structure on the dual of the Lie algebroid was discussed in [18] .
In this paper, we present an overview of these developments. We make special emphasis on one of the main advantages of the Lie algebroid formalism: the possibility of establishing appropriate maps (called morphisms) between systems that respect the structure of the phase space, and allow to relate their respective properties. As we will show, this will allow us to present a comprehensive study of the reduction process of Lagrangian systems while remaining within the same category of mathematical objects.
We also consider nonholonomic systems (i.e., systems subject to constraints involving the velocities, see [10] for a list of references) and control systems evolving on Lie algebroids [13] . This is motivated by the renewed interest in the study of nonholonomic mechanical systems for new applications in the areas of robotics and control. In particular, we provide widely applicable tests to decide the accessibility and controllability properties of mechanical control systems defined on Lie algebroids.
We end this survey by paying attention to two recent developments in the context of Lie algebroids and groupoids: Discrete Mechanics and Classical Field Theory. Discrete Mechanics seeks to develop a complete discrete-time counterpart of the usual continuous-time treatment of Mechanics. The ultimate objective of this effort is the construction of numerical integrators for Lagrangian and Hamiltonian systems (see [37] and references therein). Up to now, this effort has been mainly focused on the case of discrete Lagrangian functions defined on the Cartesian product of the configuration manifold with itself. This Cartesian product is just an example of a Lie groupoid. Here, we review the recent developments in [35] , where we proposed a complete description of Lagrangian and Hamiltonian Mechanics on Lie groupoids. In particular, this description covers the analysis of discrete systems with symmetries, and naturally produces reduced geometric integrators. Another extension that we consider is the study of Classical Field Theory on Lie algebroids. Thinking of a Lie algebroid as a substitute of the tangent bundle of a manifold, we substitute the classical notion of fibration bundle by a surjective morphism of Lie algebroids π : E −→ F . Then, we construct the jet space Jπ as the affine bundle whose elements are linear maps from a fiber of F to a fiber of E, i.e., sections of the projection π. After a suitable choice of the space of variations, we derive the Euler-Lagrange equations for this problem.
The paper is organized as follows. In Section 2 we present some basic facts on Lie algebroids, including results from differential calculus, morphisms and prolongations of Lie algebroids, and linear connections. We also introduce the notion of Lie groupoid, Lie algebroid associated to a Lie groupoid, and morphisms and prolongations of Lie groupoids. Various examples are given in order to illustrate the generality of the theory. In Section 3, we give a brief introduction to the Lagrangian formalism of Mechanics on Lie algebroids, determined by a Lagrangian function L : E −→ R on the Lie algebroid τ : E −→ M . Likewise, we introduce the Hamiltonian formalism on Lie algebroids, determined by a Hamiltonian function H : E * −→ R, where τ * : E * −→ M is the dual of the Lie algebroid E −→ M . In Section 4 we introduce the class of nonholonomic Lagrangian systems. We study the existence and uniqueness of solutions, and characterize the notion of regularity of a nonholonomic system. Under this property, we derive a procedure to obtain the solution of the nonholonomic problem from the solution of the free problem by means of projection techniques. Moreover, we construct a nonholonomic bracket that measures the evolution of the observables, and we study the reduction of nonholonomic systems in terms of morphisms of Lie algebroids. In Section 5 we introduce the class of mechanical control systems defined on a Lie algebroid. We generalize the notion of affine connection control system to the setting of Lie algebroids, and introduce the notions of (base) accessibility and (base) controllability. We provide sufficient conditions to check these properties for a given mechanical control system. In Section 6, we study Discrete Mechanics on Lie groupoids. In particular, we construct the discrete Euler-Lagrange equations, discrete Poincaré-Cartan sections, discrete Legendre transformations, and Noether's theorem, and identify the preservation properties of the discrete flow. In the last section, we extend the variational formalism for Classical Field Theory to the setting of Lie algebroids. Given a Lagrangian function, we study the problem of finding critical points of the action functional when we restrict the fields to be morphisms of Lie algebroids. Throughout the paper, various examples illustrate the results. We conclude the paper by identifying future directions of research. [32, 33] 
). If (E, [[·, ·]], ρ) is a Lie algebroid over M, then the anchor map ρ : Sec(τ ) −→ X(M ) is a homomorphism between the Lie algebras (Sec(τ ), [[·, ·]]) and (X(M ), [·, ·]).
In what concerns to Mechanics, it is convenient to think of a Lie algebroid as a generalization of the tangent bundle of M . One regards an element a of E as a generalized velocity, and the actual velocity v is obtained when applying the anchor to a, i.e., v = ρ(a). A curve a : [t 0 , t 1 ] −→ E is said to be admissible iḟ m(t) = ρ(a(t)), where m(t) = τ (a(t)) is the base curve.
Given local coordinates (x i ) in the base manifold M and a local basis of sections (e α ) of E, then local coordinates of a point a ∈ E are (x i , y α ) where a = y α e α (τ (a)). In local form, the Lie algebroid structure is determined by the local functions ρ i α and C γ αβ on M . Both are determined by the relations
and they satisfy the following equations
Cartan calculus. One may define the exterior differential of E, d :
for ω ∈ Sec(∧ k τ * ) and X 0 , . . . , X k ∈ Sec(τ ). d is a cohomology operator, that is, d 2 = 0. In particular, if f : M −→ R is a real smooth function then df (X) = ρ(X)f, for X ∈ Sec(τ ). Locally,
where {e α } is the dual basis of {e α }. We may also define the Lie derivative with respect to a section X of E as the operator [32, 33] ).
) be a Lie algebroid over a manifold M (resp., M ′ ) and suppose that Ψ : E −→ E ′ is a vector bundle morphism over the map Ψ 0 : M −→ M ′ . Then, the pair (Ψ, Ψ 0 ) is said to be a Lie algebroid morphism if
where d (resp., d ′ ) is the differential of the Lie algebroid E (resp., E ′ ) (see [26] ). Note that (Ψ, Ψ 0 ) * φ ′ is the section of the vector bundle
, for x ∈ M and a 1 , . . . , a k ∈ E x , and by (Ψ, Ψ 0 )
In the particular case when M = M ′ and Ψ 0 = id M then (2.5) holds if and only if
Linear connections on Lie algebroids. Let τ : E −→ M be a Lie algebroid over
Given a local basis {e α } of Sec(E) such that X = X α e α and Y = Y β e β then
The terms Γ γ αβ are called the connection coefficients. The symmetric product associated with ∇ is given by
Since the connection is C ∞ (M )-linear in the first argument, it is possible to define the derivative of a section Y ∈ Sec(E) with respect to an element a ∈ E m by simply putting
with X ∈ Sec(E) satisfying X(m) = a. Moreover, the connection allows us to take the derivative of sections along maps and, as a particular case, of sections along curves. If we have a morphism of Lie algebroids Φ : F −→ E over the map ϕ : N −→ M and a section X : N −→ E along ϕ (i.e., X(n) ∈ E ϕ(n) , for n ∈ N ), then X may be written as
for some sections {X 1 , . . . , X p } of E and for some functions F 1 , . . . , F p ∈ C ∞ (N ), and the derivative of X along ϕ is given by
where ρ F is the anchor map of the Lie algebroid F −→ N .
A particular case of the above general situation is the following. Let a : I −→ E be an admissible curve and b : I −→ E be a curve in E, both of them projecting by τ onto the same base curve in M , τ (a(t)) = m(t) = τ (b(t)). Take the Lie algebroid structure T I −→ I and consider the morphism Φ : T I −→ E, Φ(t,ṫ) =ṫa(t) over m : I −→ M . Then one can define the derivative of b(t) along a(t) as ∇ d/dt b(t). This derivative is usually denoted by ∇ a(t) b(t). In local coordinates, this reads
The admissible curve a : I −→ E is said to be a geodesic for ∇ if ∇ a(t) a(t) = 0 (see [13] ). Now, let G : E × M E −→ R be a bundle metric on a Lie algebroid τ : E −→ M . In a parallel way to the situation in the tangent bundle geometry, one can see that there is a canonical connection ∇ G on E associated with G. In fact, the connection ∇ G is determined by the formula
for X, Y, Z ∈ Sec(E). ∇ G is a torsion-less connection and it is metric with respect to G. In other words
G is called the Levi-Civita connection of G (see [13] ).
Finally, suppose that E = D ⊕ D c , with D and D c vector subbundles of E, and denote by P : E −→ D and Q : E −→ D c the corresponding complementary projectors induced by the decomposition. Then, the constrained connection is the connection∇ on E defined by
for X, Y ∈ Sec(E) (for the properties of the constrained connection∇, see [13] ).
Examples. We will present some examples of Lie algebroids.
1.-Real Lie algebras of finite dimension. Let g be a real Lie algebra of finite dimension. Then, it is clear that g is a Lie algebroid over a single point. 3.-Foliations. Let F be a foliation of finite dimension on a manifold P and τ F : T F −→ P be the tangent bundle to the foliation F. Then, τ F : T F −→ P is a Lie algebroid over P . The anchor map is the canonical inclusion ρ F : T F −→ T P and the Lie bracket on the space Sec(τ F ) is the restriction to Sec(τ F ) of the standard Lie bracket of vector fields on P . In particular, if π : P −→ M is a fibration, τ P : T P −→ P is the canonical projection and (τ P ) |V π : V π −→ P is the restriction of τ P to the vertical bundle to π, then (τ P ) |V π : V π −→ P is a Lie algebroid over P .
4.-Atiyah algebroids. Let p : Q −→ M be a principal G-bundle. Denote by Φ : G × Q −→ Q the free action of G on Q and by T Φ : G × T Q −→ T Q the tangent action of G on T Q. Then, one may consider the quotient vector bundle τ Q |G : T Q/G −→ M = Q/G, and the sections of this vector bundle may be identified with the vector fields on Q which are invariant under the action Φ. Using that every G-invariant vector field on Q is p-projectable and that the usual Lie bracket on vector fields is closed with respect to G-invariant vector fields, we can induce a Lie algebroid structure on T Q/G. This Lie algebroid is called the Atiyah algebroid associated with the principal G-bundle p : Q −→ M (see [26, 32] ).
5.-Action Lie algebroids. Let (E, [[·, ·]], ρ) be a Lie algebroid over a manifold M and f : M ′ −→ M be a smooth map. Then, the pull-back of E over f ,
} , is a vector bundle over M ′ whose vector bundle projection is the restriction to f * E of the first canonical projection pr 1 :
is an action of E on f , that is, Φ is a R-linear map which satisfies the following conditions
The resultant Lie algebroid is denoted by E ⋉ f and we call it an action Lie algebroid (for more details, see [26] ).
6.-The prolongation of a Lie algebroid over a fibration [19, 26, 39] . Let (E, [[·, ·]], ρ) be a Lie algebroid over a manifold M and π : P −→ M be a fibration. We consider the subset of E × T P
where T π : T P −→ T M is the tangent map to π, p ∈ P x and π(p) = x . We will frequently use the redundant notation (p, b, v) to denote the element (b, v) ∈ T E p P . T E P = ∪ p∈P T E p P is a vector bundle over P and the vector bundle projection τ E P is just the projection onto the first factor. The anchor of T E P is the projection onto the third factor, that is, the map ρ π :
The projection onto the second factor will be denoted by T π : T E P −→ E, and it is a morphism of Lie algebroids over π.
An element z ∈ T E P is said to be vertical if it projects to zero, that is T π(z) = 0. Therefore it is of the form (p, 0, v), with v a π-vertical vector tangent to P at p.
Given local coordinates (x
i , u A ) on P and a local basis {e α } of sections of E, we can define a local basis {X α , V A } of sections of T E P by
∂u A , and we can write
Vertical elements are linear combinations of {V A }.
The anchor map ρ π applied to a section Z of T E P with local expression Z = Z α X α + V A V A is the vector field on P whose coordinate expression is
Next, we will see that it is possible to induce a Lie bracket structure on the space of sections of T E P . For that, we say that a sectionX of τ E P : T E P −→ P is projectable if there exists a section X of τ : E −→ M and a vector field U ∈ X(P ) which is π-projectable to the vector field ρ(X) and such thatX(p) = (X(π(p)), U (p)), for all p ∈ P . For such a projectable sectionX, we will use the following notationX ≡ (X, U ). It is easy to prove that one may choose a local basis of projectable sections of the space Sec(τ E P ). The Lie bracket of two projectable sections
Since any section of T E P can be locally written as a linear combination of projectable sections, the definition of the Lie bracket for arbitrary sections of T E P follows. In particular, the Lie brackets of the elements of the basis are
and, therefore, the exterior differential is determined by
where
The Lie algebroid T E P is called the prolongation of E over π or the Etangent bundle to π.
Lie groupoids.
In this section, we review the definition of a Lie groupoid and present some basic facts generalities about them (see [32, 33] for more details). A groupoid over a set M is a set G together with the following structural maps:
• A pair of maps α : G −→ M , the source, and β : G −→ M , the target.
These maps define the set of composable pairs
A groupoid G over a set M will be denoted simply by the symbol G ⇉ M . The groupoid G ⇉ M is said to be a Lie groupoid if G and M are manifolds and all the structural maps are differentiable with α and β differentiable submersions. If G ⇉ M is a Lie groupoid then m is a submersion, ǫ is an immersion and i is a diffeomorphism. Moreover, if x ∈ M , α −1 (x) (resp., β −1 (x)) will be said the α-fiber (resp., the β-fiber) of x.
On the other hand, if g ∈ G then the left-translation by g ∈ G and the right-translation by g are the diffeomorphisms
A vector fieldX on G is said to be left-invariant (resp., right-invariant) if it is tangent to the fibers of α (resp., β) andX(gh) = (T h l g )(X h ) (resp.,X(gh) = (T g r h )(X(g)), for (g, h) ∈ G 2 . Now, we will recall the definition of the Lie algebroid associated with G.
We consider the vector bundle τ :
It is easy to prove that there exists a bijection between the space Sec(τ ) and the set of left-invariant (resp., right-invariant) vector fields on G. If X is a section of τ : E G −→ M , the corresponding left-invariant (resp., right-invariant) vector field on G will be denoted ← − X (resp.,
Using the above facts, we may introduce a Lie algebroid structure
for X, Y ∈ Sec(τ ) and x ∈ M (for more details, see [9, 32] ).
Given two Lie groupoids
α, β and ǫ (resp., α ′ , β ′ and ǫ ′ ) being the source, the target and the identity section of G (resp., G ′ ).
Suppose that (Ψ, Φ 0 ) is a morphism between the Lie groupoids G ⇉ M and
In fact, we have that the pair (Φ, Φ 0 ) is a morphism between the Lie algebroids τ : [32, 33] ).
Examples. We will present some examples of Lie groupoids. 1.-Lie groups. Any Lie group G is a Lie groupoid over {e}, the identity element of G. The Lie algebroid associated with G is just the Lie algebra g of G.
2.-The pair or banal groupoid. Let M be a manifold. The product manifold M × M is a Lie groupoid over M in the following way: α is the projection onto the first factor and β is the projection onto the second factor; ǫ(x) = (x, x), for all x ∈ M , m((x, y), (y, z)) = (x, z), for (x, y), (y, z) ∈ M × M and i(x, y) = (y, x).
Thus, the linear maps
induce an isomorphism (over the identity of M ) between the Lie algebroids τ M :
3.-The Lie groupoid associated with a fibration. Let π : P −→ M be a fibration, that is, π is a surjective submersion and denote by G π the subset of P × P given by
Then, G π is a Lie groupoid over P and the structural maps α π , β π , m π , ǫ π and i π are the restrictions to G π of the structural maps of the pair groupoid P × P ⇉ P . If p is a point of P it follows that
Thus, if (τ P ) |V π : V π −→ P is the vertical bundle to π then the linear maps
induce an isomorphism (over the identity of M ) between the Lie algebroids (τ P ) |V π : V π −→ P and τ : E Gπ −→ P .
4.-Atiyah or gauge groupoids. Let p : Q −→ M be a principal left G-bundle. Then, the free action Φ :
Moreover, one may consider the quotient manifold (Q × Q)/G which admits a Lie groupoid structure over M with structural maps given bỹ
This Lie groupoid is called the Atiyah (gauge) groupoid associated with the principal G-bundle p : Q −→ M (see [31] ).
If x is a point of M such that p(q) = x, with q ∈ Q, and p Q×Q : Q × Q −→ (Q × Q)/G is the canonical projection then it is clear that
Thus, if τ Q |G : T Q/G −→ M is the Atiyah algebroid associated with the principal G-bundle p : G −→ M then the linear maps
induce an isomorphism (over the identity of M ) between the Lie algebroids τ :
which satisfies the following relations
Given such an action one constructs the action Lie groupoid
In addition, the Lie algebroid associated with the Lie groupoid M ′ f × α G ⇉ P is the action Lie algebroid E G ⋉ f (for more details, see [19] ).
6.-The prolongation of a Lie groupoid over a fibration. Given a Lie groupoid G ⇉ M and a fibration π : P −→ M , we consider the set
Then, P G × P is a Lie groupoid over P with structural maps given by
the Lie algebroid of P G × P and by T EG P the prolongation of τ : E G −→ M over the fibration π. If p ∈ P and m = π(p), then it follows that
and, thus, one may consider the linear isomorphism
In addition, one may prove that the maps (Φ π ) p , p ∈ P , induce an isomorphism
and T EG P (for more details, see [19] ).
A particular case. Next, suppose that P = E G and that the map π is just the vector bundle projection τ : E G −→ M . In this case,
and we may define the map Θ :
. Θ is a bijective map and
Thus, the spaces E G G × E G and V β ⊕ G V α may be identified and, under this identification, the structural maps of the Lie groupoid structure on V β ⊕ G V α are given by
and the multiplication
This Lie groupoid structure was considered by Saunders [53] . We remark that the
Mechanics on Lie algebroids
We recall that a symplectic section on a vector bundle π : F −→ M is a section ω of ∧ 2 π * which is regular at every point when it is considered as a bilinear form. By a symplectic Lie algebroid we mean a pair (E, ω) where τ : E −→ M is a Lie algebroid and ω is a symplectic section on the vector bundle E satisfying the compatibility condition dω = 0, where d is the exterior differential of E.
On a symplectic Lie algebroid (E, ω) we can define a dynamical system for every function on the base, as in the standard case of a tangent bundle. Given a function H ∈ C ∞ (M ) there is a unique section σ H ∈ Sec(τ ) such that
The section σ H is said to be the Hamiltonian section defined by H and the vector field X H = ρ(σ H ) is said to be the Hamiltonian vector field defined by H. In this way we get the dynamical systemẋ = X H (x).
A symplectic structure ω on a Lie algebroid E defines a Poisson bracket { , } ω on the base manifold M as follows. Given two functions
It is easy to see that the closure condition dω = 0 implies that { , } ω is a Poisson structure on M . In other words, if we denote by Λ the inverse of ω as bilinear form, then {F, G} ω = Λ(dF, dG). The Hamiltonian dynamical system associated to H can be written in terms of the Poisson bracket asẋ = {x, H} ω .
By a symplectomorphism between two symplectic Lie algebroids (E, ω) and (E ′ , ω ′ ) we mean an isomorphism of Lie algebroids (Ψ,
Sections 3.1 and 3.2 describe two particular and important cases of the above construction.
3.1. Lagrangian Mechanics. In [38] (see also [26] ) a geometric formalism for Lagrangian Mechanics on Lie algebroids was introduced. It is developed in the prolongation T E E of a Lie algebroid E over the vector bundle projection τ : E −→ M . The canonical geometrical structures defined on T E E are the following:
, where b V a is the vector tangent to the curve a + tb at t = 0.
• The vertical endomorphism S : T E E −→ T E E defined as follows:
• The Liouville section, which is the vertical section corresponding to the Liouville dilation vector field:
. We also mention that the complete lift X C of a section X ∈ Sec(E) is the section of T E E characterized by the following properties:
where byα ∈ C ∞ (E) we denote the linear function associated to α ∈ Sec(E * ).
Given a Lagrangian function
If (x i , y α ) are local fibred coordinates on E, (ρ i α , C γ αβ ) are the corresponding local structure functions on E and {X α , V α } is the corresponding local basis of sections of T E E then
From (3.2), (3.3), (3.4) and (3.5), it follows that
is a solution of the Euler-Lagrange equations for L if and only ifẋ
Note that if E is the standard Lie algebroid T M then the above equations are the classical Euler-Lagrange equations for L : T M −→ R.
On the other hand, the Lagrangian function L is said to be regular if ω L is a symplectic section, that is, if ω L is regular at every point as a bilinear form. In such a case, there exists a unique solution Γ L verifying
In addition, using (3.6), it follows that
Thus, the integral curves of Γ L (that is, the integral curves of the vector field ρ τ (Γ L )) are solutions of the Euler-Lagrange equations for L. Γ L is called the Euler-Lagrange section associated with L.
From (3.4), we deduce that L is regular if and only if the matrix
where the functions f α satisfy the linear equations
Examples.
1.-Real Lie algebras of finite dimension. Let g be a real Lie algebra of finite dimension and L : g −→ R be a Lagrangian function. Then, the EulerLagrange equations for L are just the well-known Euler-Poincaré equations (see, for instance, [36] ).
2.-The tangent bundle. Let L : T M −→ R be a standard Lagrangian function on the tangent bundle T M of M . Then, the resultant equations are the classical Euler-Lagrange equations for L.
3.-Foliations. If the Lie algebroid is the tangent bundle of a foliation F on P then one recovers the classical formalism of holonomic mechanics.
4.-Atiyah algebroids. Let τ Q |G : T Q/G −→ M be the Atiyah algebroid associated with a principal G-bundle p : Q −→ M and L : T Q|G −→ R be a Lagrangian function. Then, the Euler-Lagrange equations for L are just the Lagrange-Poincaré equations (see [26] ).
5.-Action Lie algebroids. Suppose that g is a real Lie algebra of finite dimension and that Φ : [20] ).
Hamiltonian Mechanics.
In this section, we discuss how the Hamiltonian formalism can be developed for systems evolving on Lie algebroids (for more details, see [26, 39] ).
Let τ * : E * −→ M be the vector bundle projection of the dual bundle E * to E. Consider the prolongation T E E * of E over τ * ,
The canonical geometrical structures defined on T E E * are the following:
where d is the differential on the Lie algebroid T E E * .
Take coordinates (x i , p α ) on E * and denote by {Y α , P β } the local basis of sections
In coordinates the Liouville and canonical symplectic sections are written as
where {Y α , P β } is the dual basis of {Y α , P β }.
Every function H ∈ C ∞ (E * ) define a unique section Γ H of T E E * by the equation
and, therefore, a vector field ρ τ * (Γ H ) = X H on E * which gives the dynamics. In coordinates,
and therefore,
Thus, the Hamilton equations are
The Poisson bracket { , } ΩE defined by the canonical symplectic section Ω E on E * is the canonical Poisson bracket, which is known to exists on the dual of a Lie algebroid [3] .
Examples.
1.-Real Lie algebras of finite dimension. If the Lie algebroid E is a real Lie algebra of finite dimension then the Hamilton equations are just the well-known Lie-Poisson equations (see, for instance, [36] ).
2.-The tangent bundle. If E is the standard Lie algebroid T M and H : T * M −→ R is a Hamiltonian function then the resultant equations are the classical Hamilton equations for H.
3.-Foliations. If the Lie algebroid is the tangent bundle of a foliation F then one recovers the classical formalism of holonomic Hamiltonian mechanics.
4.-Atiyah algebroids. Let τ Q |G : T Q/G −→ M = Q|G be the Atiyah algebroid associated with a principal G-bundle p : Q −→ M and H : T * Q|G −→ R be a Hamilton function. Then, the Hamilton equations for H are just the HamiltonPoincaré equations (see [26] ).
5.-Action Lie algebroids. Suppose that g is a real Lie algebra of finite dimension, that V is a real vector space of finite dimension and that Φ :
Hamiltonian function on the action Lie algebroid g × V * −→ V * then the Hamilton equations for H are just the Lie-Poisson equations on the dual of the semidirect product of Lie algebras s = g V (see [20] ).
3.3.
The Legendre transformation and the equivalence between the Lagrangian and Hamiltonian formalisms. Let L : E −→ R be a Lagrangian function and θ L ∈ Sec((T E E) * ) be the Poincaré-Cartan 1-section associated with L.
We introduce the Legendre transformation associated with L as the smooth map
for a, b ∈ E x , where E x is the fiber of E over the point x ∈ M . In other words
, where z is a point in the fiber of T E E over the point a such that Tτ (z) = b.
The map Leg L is well-defined and its local expression in fibred coordinates on E and E * is
If we consider local coordinates on T E E (resp. T E E * ) induced by the local basis
The relationship between Lagrangian and Hamiltonian Mechanics is given by the following result.
Moreover, if θ L and ω L (respectively, Θ E and Ω E ) are the Poincaré-Cartan 1-section and 2-section associated with L (respectively, the Liouville 1-section and the canonical symplectic section on
In addition, in [26] , it is proved that if the Lagrangian L is hyperregular, that is, Leg L is a global diffeomorphism, then (T Leg L , Leg L ) is a symplectomorphism and the Euler-Lagrange section Γ L associated with L and the Hamiltonian section
Therefore, an admissible curve a(t) on T E E is a solution of the Euler-Lagrange equations if and only if the curve µ(t) = Leg L (a(t)) is a solution of the Hamilton equations.
Nonholonomic Lagrangian systems on Lie algebroids
4.1. Constrained Lagrangian systems. In this section, we will discuss Lagrangian systems on a Lie algebroid τ : E −→ M subject to nonholonomic constraints. The constraints are real functions on the positions and generalized velocities which constrain the motion to some submanifold M of E. M is the constraint submanifold.
We will assume that the constraints are purely nonholonomic, that is, not all the generalized velocities are allowable, although all the positions are permitted. So, we will suppose that
The constraints are linear if they are linear functions on E or, in more geometrical terms, if M is a vector subbundle of E over M (Lagrangian systems subject to linear constraints were discussed in [13, 45] ).
In the general case, since π is a fibration, the prolongation T E M is defined. We will denote by r the dimension of the fibers of π :
Now, we define the bundle V −→ M of virtual displacements as the subbundle of τ * E of rank r whose fiber at a point a ∈ M is
for every local constraint function φ.
We also define the bundle of constraint forces
Therefore, the rank of Ψ is s = n − r, where n is the rank of E.
Next, suppose that L ∈ C ∞ (E) is a regular Lagrangian function. Then, the pair (L, M) is a constrained Lagrangian system. Moreover, assuming the validity of a Chetaev's principle in the spirit of that of standard Nonholonomic Mechanics (see [25] ), the solutions of the system (L, M) are curves t −→ c(t) on E such that: -c is admissible (that is, ρ(c(t)) =ṁ(t), where m = τ • c), -c is contained in M and,
If (x i , y α ) are local fibred coordinates on E, (ρ i α , C γ αβ ) are the corresponding local structure functions of E and
are the local equations defining M as a submanifold of E, then ∂φ
is a local basis of Ψ. Moreover, a curve t −→ c(t) = (x i (t), y α (t)) on E is a solution of the problem if and only iḟ
where λ A are the Lagrange multipliers to be determined. These equations are called the Lagrange-d'Alembert equations for the constrained system (L, M). Note that if E is the Lie algebroid T M , then the above equations are just the standard Lagrange-d'Alembert equations for the constrained system (L, M). Now, we will assume that the solution curves of the problem are the integral curves of a section Γ of T E E −→ E. Then, we may reformulate geometrically the problem as follows: we look for a section Γ of
If Γ is a solution of the above equations then, from (3.6), we have that
which implies that Γ is a sode section along M, that is, (SΓ − ∆)|M = 0.
4.2.
Regularity, projection of the free dynamics and nonholonomic bracket. We will discuss next the regularity of the constrained system (L, M) (the constrained system (L, M) is regular if equations (4.2) admit a unique solution Γ).
For this purpose, we will introduce two new vector bundles F and T V M over M. The fibers of F and T V M at the point a ∈ M are 
Here, the orthogonal complement is taken with respect to the symplectic section ω L .
Condition (ii) (or, equivalently, (iii)) in Theorem 4.1 is locally equivalent to the regularity of the matrix a) ), for all a ∈ E, with G : E × M E −→ R a bundle metric on E and V : M −→ R a real function on M ) then the constrained system (L, M) is always regular. Now, assume that the constrained Lagrangian system (L, M) is regular. Then (ii) in Theorem 4.1 is equivalent to (T E E) |M = T E M ⊕ F and we will denote by P and Q the complementary projectors defined by this decomposition 
On the other hand, (3) in Theorem 4.1 is equivalent to (
⊥ and we will denote byP andQ the corresponding projectors induced by this decomposition, that is, Next, we will study the conservation of the Lagrangian energy for the constrained Lagrangian system (L, M).
Moreover, we have 
Now, suppose that f and g are two smooth real functions on M and take arbitrary extensions to E denoted by the same letters. Then, we may define the nonholonomic bracket of f and g as follows
where X f and X g are the Hamiltonian sections on T E E associated with f and g, respectively.
The nonholonomic bracket is well-defined and, furthermore, it is not difficult to prove the following result. 
where R L is the section of
4.3. Reduction. Next, we will discuss a reduction process and its relation with Lie algebroid epimorphisms. These results will be also valid for Lie algebroids without nonholonomic constraints, simply taking M = E and
Let (L, M) be a regular constrained Lagrangian system on a Lie algebroid τ :
Suppose also that we have a fiberwise surjective morphism of Lie algebroids Φ :
Note that if M and M ′ are vector subbundles of E and E ′ , respectively, then conditions i), ii) and iii) hold if and only if
In the general case, one may introduce the map T Φ Φ :
and we have that T Φ Φ is a Lie algebroid epimorphism over Φ. In addition, the following results hold 
Theorem 4.8 (Reduction of the nonholonomic bracket). [10] Under the same hypotheses as in Theorem 4.7, we have that Reduction by symmetries. Let φ : Q −→ M be a principal G-bundle and τ : E −→ Q be a Lie algebroid over Q. In addition, assume that we have an action of G on E such that the quotient vector bundle E/G is defined and the set Sec(E) G of equivariant sections of E is a Lie subalgebra of Sec(E). Then, E ′ = E/G has a canonical Lie algebroid structure over M such that the canonical projection Φ : E −→ E ′ is a fiberwise bijective Lie algebroid morphism over φ (see [26] ).
Next, suppose that (L, M) is a G-invariant regular constrained Lagrangian system, that is, the Lagrangian function L and the constraint submanifold M are G-invariant. Assume also that M is closed. Then, one may define a Lagrangian function
Moreover, G acts on M and the set of orbits M ′ = M/G of this action is a quotient manifold, that is, M ′ is a smooth manifold and the canonical projection Φ |M :
Since the orbits of the action of G on E are the fibers of Φ and M is G-invariant, we deduce that
V (Φ) being the vertical bundle of Φ. This implies that Φ |Va :
Therefore, from Theorem 4.7, we conclude that the constrained Lagrangian system (L ′ , M ′ ) is regular and that
where Γ (resp., Γ ′ ) is the constrained dynamics for L (resp., L ′ ). In addition, using Theorem 4.8, we obtain that Φ : M −→ M ′ is an almost-Poisson morphism when on M and M ′ we consider the almost-Poisson structures induced by the corresponding nonholonomic brackets.
4.4.
Example: a rolling ball on a rotating table. We apply the results in this section to the case of a ball rolling without sliding on a rotating table with constant angular velocity [1, 4, 10, 30, 48] . A (homogeneous) sphere of radius r > 0, unit mass m = 1 and inertia k 2 about any axis, rolls without sliding on a horizontal table which rotates with constant angular velocity Ω about a vertical axis through one of its points. Apart from the constant gravitational force, no other external forces are assumed to act on the sphere.
Choose a Cartesian reference frame with origin at the center of rotation of the table and z-axis along the rotation axis. Let (x, y) denote the position of the point of contact of the sphere with the table. The configuration space for the sphere on the table is Q = R 2 × SO(3), where SO(3) may be parameterized by the Eulerian angles θ, ϕ and ψ. The kinetic energy of the sphere is then given by
With the potential energy being constant, we may put V = 0. Thus, the Lagrangian function L is T and the constraint equations arė
x − rθ sin ψ + rφ sin θ cos ψ = −Ωy, y + rθ cos ψ + rφ sin θ sin ψ = Ωx.
Since the Lagrangian function is of mechanical type, the constrained system is regular. Note that the constraints are not linear and that the restriction to the constraint submanifold M of the Liouville vector field on T Q is not tangent to M. Indeed, the constraints are linear if and only if Ω = 0.
Next, following [4, 10] , we will consider local coordinates (x,ȳ,θ,φ,ψ;
(q 1 ,q 2 ,q 3 ) are the quasi-coordinates defined bẏ
and ω x , ω y and ω z are the components of the angular velocity of the sphere.
Then, the constrained dynamics is the sode Γ along M defined by
On the other hand, when constructing the nonholonomic bracket on M, we find that the only non-zero fundamental brackets are
in which the "appropriate operational" meaning has to be attached to the quasicoordinates q i . Thus, we have thatḟ
where R L is the vector field on M given by
Note that R L = 0 if and only if Ω = 0. Now, it is clear that Q = R 2 ×SO(3) is the total space of a trivial principal SO(3)-bundle over R 2 and the bundle projection φ : Q −→ M = R 2 is just the canonical projection on the first factor. Therefore, we may consider the corresponding Atiyah algebroid
One may prove that E ′ is isomorphic to the real vector bundle T R 2 × R 3 −→ R 2 in such a way that the anchor map ρ ′ :
is just the canonical projection on the first factor. Moreover, one may choose a global basis {e 
Under the identification between
where (x, y,ẋ,ẏ) and (ω 1 , ω 2 , ω 3 ) are the standard coordinates on T R 2 and R 3 , respectively. Moreover, the equations defining M ′ as a submanifold of T R 2 × R 3 areẋ − rω 2 + Ωy = 0,ẏ + rω 1 − Ωx = 0.
So, we have the constrained Lagrangian system (L ′ , M ′ ) on the Atiyah algebroid
Note that the constraints are not linear and that if ∆ ′ is the Liouville section of the prolongation T
Now, if we put
In these coordinates the equations defining the submanifold M ′ are π 
On the other hand, from (4.4), (4.5) and Theorem 4.8, we deduce that the only non-zero fundamental nonholonomic brackets for the system (L ′ , M ′ ) are
Therefore, we have thaṫ
4.5.
Hamiltonian formalism. Let (L, M) be a constrained Lagrangian system on a Lie algebroid E and assume that the Lagrangian function L is hyperregular. Then, since the Leg L is a diffeomorphism then, it is clear that one may develop a Hamiltonian formalism which is equivalent, via the Legendre transformation, to the Lagrangian formalism.
Mechanical control systems on Lie algebroids
5.1. General control systems on Lie algebroids. Consider a Lie algebroid τ : E −→ M , with anchor map ρ : E −→ T M . Let {σ, η 1 , . . . , η k } be sections of E. A control problem on the Lie algebroid τ : E −→ M with drift section σ and input sections η 1 , . . . , η k is defined by the following equation on M ,
where u = (u 1 , . . . , u k ) ∈ U , and U is an open set of R k containing 0. The function t → u(t) = (u 1 (t), . . . , u k (t)) belongs to a certain class of functions of time, denoted by U, called the set of admissible controls. For our purposes, we may restrict the admissible controls to be the piecewise constant functions with values in U . Notice that the trajectories of the control system are admissible curves of the Lie algebroid, and therefore they must lie on a leaf of E. It follows that if E is not transitive, then there are points that cannot be connected by solutions of any control system defined on such a Lie algebroid. In particular, the system (5.1) cannot be locally accessible at points m ∈ M where ρ is not surjective. Since the emphasis here is put on the controllability analysis, without loss of generality we will restrict our attention to locally transitive Lie algebroids.
Denoting by f = ρ(σ) and g i = ρ(η i ), i ∈ 1, . . . , k, we can rewrite the system (5.1) asṁ
which is a standard nonlinear control system on M affine in the inputs [47] . Here we make use of the additional geometric structure provided by the Lie algebroid in order to carry over the analysis of the controllability properties of the control system (5.1). We refer to [47] for a comprehensive discussion of the notions of reachable sets, accessibility algebra and computable accessibility tests.
Definition 5.1. The accessibility algebra D of the control system (5.1) in the Lie algebroid is the smallest subalgebra of Sec(E) that contains the sections {σ, η 1 , . . . , η k }.
Using the Jacobi identity, one can deduce that any element of accessibility algebra D is a linear combination of repeated Lie brackets of sections of the form
where ζ i ∈ {σ, η 1 , . . . , η k }, 1 ≤ i ≤ l and l ∈ N.
Definition 5.2. The accessibility subbundle in the Lie algebroid, denoted by Lie({σ, η 1 , . . . , η k }), is the vector subbundle of E generated by the accessibility algebra D,
If the dimension of Lie({σ, η 1 , . . . , η k }) is constant, then Lie({σ, η 1 , . . . , η k }) is the smallest Lie subalgebroid of E that has {σ, η 1 , . . . , η k } as sections.
5.2.
Mechanical control systems. Let τ : E −→ M be a Lie algebroid, let ∇ be a connection on E, and let {η, η 1 , . . . , η k } be sections of E. A mechanical control system on the Lie algebroid τ : E −→ M is defined by the following equation
We will often refer to η as the potential energy term in equations (5.3). Associated with this equation, there is always a control system on the Lie algebroid
where η V (resp. η V i ) denotes the vertical lift of η (resp. η i ) and Γ ∇ is the sode section associated with ∇. Γ ∇ is locally given by (see [13] )
There are two distinguished families within the class of mechanical control systems. We introduce them next.
Mechanical control systems. Consider a Lagrangian system with
with G : E × M E −→ R a bundle metric on E and V a function on M . This Lagrangian function gives rise to the Euler-Lagrange equations as explained in Section 3.1.
Consider now the situation when the Lagrangian system is subject to some external forces, represented by a collection {θ 1 , . . . , θ k } of sections of E * . Denote by {η 1 , . . . , η k } the input sections of E determined by the control forces {θ 1 , . . . , θ k } via the metric, i.e., θ i (X) = G(η i , X) for all X ∈ Sec(E). If Γ ∇ G denotes the sode section associated with the Levi-Civita connection ∇ G , the controlled Euler-Lagrange equations can be written aṡ
Here grad G V is the section of E characterized by G(grad G V, X) = dV (X) for X ∈ Sec(E). Note that system (5.5) is a control problem on the Lie algebroid T E E −→ E as defined in Section 5.1. Locally, the equations can be written aṡ
where (G αβ ) are the components of the metric G and (G αβ ) is the inverse matrix of (G αβ ).
Alternatively, one can describe the dynamical behavior of the mechanical control system by means of an equation on E via the covariant derivative. An admissible curve a : t → a(t) is a solution of the system (5.5) if and only if 
In terms of the constrained connection∇ σ η = P (∇
, with σ, η ∈ Sec(E), the controlled equations can be rewritten as∇ a(t) a(t)+P (grad G V (m(t))) = k i=1 u i (t)P (η i (m(t))), Q(a) = 0. Since the forcing terms coming from the potential and the inputs belong to D, the solutions of the total controlled dynamics initially belonging to D also remain in D. As a consequence, an admissible curve a : t → a(t) is a solution of the system (5.8) if and only if
This equation corresponds to a mechanical control system (5.3) with connection ∇ =∇ and sections {P (grad G V ), P (η 1 ), . . . , P (η k )}.
Note that one can write the controlled dynamics as a control system on the Lie algebroid
The coordinate expression of these equations is greatly simplified if we take a basis
Denoting by (y α ) = (y a , y A ) the induced coordinates, the constraint equations Q(a) = 0 just read y A = 0. The controlled equations (5.7) are theṅ
ba are the components of the symmetric product.
Accessibility and controllability notions.
Here we introduce the notions of accessibility and controllability that are specialized to mechanical control systems on Lie algebroids. Let m ∈ M and consider a neighborhood V of m in M . Define the set of reachable points in the base manifold M starting from m as
Alternatively, one may write In addition to the notions of base accessibility and base controllability, we shall also consider full-state accessibility and controllability starting from points of the form 0 m ∈ E, m ∈ M (note that full-state is meant here with regards to E, not to T M ). The relevance of the above definitions stems from the fact that, frequently, one needs to control a system by starting at rest. Nevertheless it is important to notice that not every equilibrium point at m corresponds to the point 0 m . Finally, we also introduce the notion of accessibility and controllability with regards to a manifold. Note that base accessibility and controllability with regards to M with id M : M −→ M corresponds to the notions of base accessibility and controllability (cf. Definition 5.3). Moreover, if the system is base accessible, then it is base accessible with regards to N . The analogous implication for base controllability also holds true.
5.4.
The structure of the control Lie algebra. The aim of this section is to show that the analysis of the structure of the control Lie algebra of affine connection control systems carried out in [29] can be further extended to control systems defined on a Lie algebroid. The enabling technical notion exploited here is that of homogeneity.
Let B be a Lie bracket formed with sections of the family X = {Γ ∇ , η
The degree of B is the number of occurrences of all its factors, and is therefore given by δ(B) = δ 0 (B) + δ 1 (B) + · · · + δ k (B), where δ 0 (B), δ i (B), i ∈ {1, . . . , k}, and δ k+1 (B) correspond, respectively, to the number of times that Γ ∇ , η V i , i ∈ {1, . . . , k}, and η V appear in B. For each l, consider the following sets
where P l denotes the set of homogeneous sections of T E of degree l. The notion of primitive bracket will also be useful. Given a bracket B in X, it is clear that we can write B = [B 1 , B 2 ], with B i brackets in X. In turn, we can also write B α = [B α1 , B α2 ] for α = 1, 2, and continue these decompositions until we end up with elements belonging to X. 
Consider the set
Clearly, the elements in Lie(X ′ ) are linear combinations of the elements in Lie(X). In fact, for each bracket B ′ of elements in X ′ , let us define the subset S(B ′ ) ⊂ Br(X) formed by all possible brackets B ∈ Br(X) obtained by replacing each occurrence of Γ ∇ − η V in B ′ by either Γ ∇ or η V . Then, one can prove by induction (cf. [28] ) that
Reciprocally, given an element B ∈ Br(X), one can determine the bracket B ′ of elements in X ′ such that B ∈ S(B ′ ) simply by substituting each occurrence of Γ ∇ or η V in B by Γ ∇ − η V . We denote this operation by pseudoinv(B) = B ′ . For each k ∈ N, define the following families of sections in E,
hor (η; η 1 , . . . , η k ), and denote by C ver (η; η 1 , . . . , η k ) and C hor (η; η 1 , . . . , η k ), respectively, the subbundles of the Lie algebroid E generated by the latter families.
Taking into account the previous discussion, we are now ready to compute Lie(
for a mechanical control system defined on a Lie algebroid. Proposition 5.6. ( [13] ) Let m ∈ M . Then,
In the absence of potential terms, i.e., η = 0, one has that
where Sym({η 1 , . . . , η k }) denotes the distribution obtained by closing (the distribution defined by) {η 1 , . . . , η k } under the symmetric product associated with ∇. It is worth noticing that, in this case, C ver (0; η 1 , . . . , η k ) ⊆ C hor (0; η 1 , . . . , η k ). This is not true in general. In order to state controllability tests, we need to introduce the notions of good and bad symmetric products. We say that a symmetric product P in the sections {η, η 1 , . . . , η k } is bad if the number of occurrences of each η i in P is even. Otherwise, P is good. Accordingly, η i : η i is bad and η : η j : η i : η i is good. The following theorem gives sufficient conditions for local controllability. The corresponding tests for base accessibility and controllability with regards to a manifold can be proved in a similar way. 
Discrete Mechanics on Lie groupoids
In this section, we discuss discrete Lagrangian Mechanics on a Lie groupoid G ⇉ M . Instead of the usual Euler-Lagrange equations (3.7) for a Lie algebroid τ : E −→ M equipped with a Lagrange function L : E −→ R, we obtain a set of difference equations called Discrete Euler-Lagrange equations for a discrete Lagrangian L d : G −→ R [35] . When the Lie algebroid is precisely E = E G and L d is a suitable approximation of the continuous Lagrangian L : E G −→ R, then we will obtain a geometric integrator for the Euler-Lagrange equations. In the next subsections we will carefully analyze this construction and its geometric properties. 6.1. Lie algebroid structure on the vector bundle π τ : 
admits a Lie algebroid structure, where the anchor map is given by
We also remark that, if we denote by (G, α) the fibration α : G −→ M and by (G, β) the fibration β : G −→ M , then it is not difficult to prove that the Lie algebroid prolongations T EG (G, α) −→ G and T EG (G, β) −→ G are isomorphic, as Lie algebroids, and both are isomorphic to the Lie algebroid V β ⊕ G V α −→ G and [35] for the details).
The following diagram shows both structures of Given a section X of E G −→ M , we define the sections X (1,0) , X (0,1) (the β and α-lifts) and
We can easily see that
and, as a consequence,
and [[X (1, 1) ,
6.2. Discrete Variational Mechanics on Lie groupoids. Discrete Lagrangian systems on Lie groupoids have a variational origin, as we explain next. A discrete Lagrangian system consists of a Lie groupoid G ⇉ M (the discrete space) and a discrete Lagrangian
Discrete Euler-Lagrange equations. For g ∈ G fixed, we consider the set of admissible sequences:
It is easy to show that we may identify the tangent space to C N g with
An element of T (g1,...,gN ) C N g is called an infinitesimal variation. Now, we define the discrete action sum associated to the discrete Lagrangian
Hamilton's principle requires that this discrete action sum be stationary with respect to all the infinitesimal variations. This requirement gives the following alternative expressions for the discrete Euler-Lagrange equations (see [35] ):
for all sections X of τ : E G −→ M . Here, d denotes the differential of the Lie
Alternatively, we may rewrite the Discrete Euler-Lagrange equations as
where β(g k ) = α(g k+1 ) = x k , and where d
• denotes the standard differential on G, that is, the differential of the Lie algebroid τ G : T G −→ G.
Thus, we may define the discrete Euler-Lagrange operator:
Discrete Poincaré-Cartan sections. Consider the Lie algebroid 6) for each g ∈ G and (X g , Y g ) ∈ V g β ⊕ V g α.
and so, using d 2 = 0, it follows that dΘ
. This means that there exists a unique 2-section Ω
, that will be called the Poincaré-Cartan 2-section. This 2-section will be important to study the symplectic character of the discrete Euler-Lagrange equations.
If {X i } is a local basis of Sec(τ ) then {X
,
Discrete Lagrangian evolution operator. Let ξ : G −→ G be a smooth map such that:
In such case
for every section X of E G and every g ∈ G. The map ξ : G −→ G is called a discrete flow or a discrete Lagrangian evolution operator for L d . Now, let ξ : G −→ G be a second order operator. Then, the prolongation T ξ : V β ⊕ G V α −→ V β ⊕ G V α of ξ is the Lie algebroid morphism over ξ : G −→ G defined as follows (see [35] ): (6.8) for all (X g , Y g ) ∈ V g β ⊕ V g α. Moreover, from (2.7), (2.8) and (6.8), we obtain that
, (6.9) for all X, Y sections of E G .
Using (6.8) , one may prove that (see [35] ):
(i) The map ξ is a discrete Lagrangian evolution operator for
We observe that the discrete Poincaré-Cartan 1-sections and 2-section are related to the canonical Liouville section of (T EG E * G ) * −→ E * G and the canonical symplectic section of
by pull-back under the discrete Legendre transformations, that is,
Discrete regular Lagrangians. A discrete Lagrangian L d : G −→ R is said to be regular if the set of solutions of the discrete Euler-Lagrange equations is locally the graph of a diffeomorphism, that is, there exists locally a unique discrete Lagrangian evolution operator
Euler-Lagrange evolution operator. In [35] (see Theorem 4.13 in [35] ), we obtained some necessary and sufficient conditions for a discrete Lagrangian on a Lie groupoid G to be regular that we summarize as follows:
Locally, we deduce that L d is regular if and only if for every local basis {X i } of Sec(τ ) the local matrix (
Discrete Hamiltonian evolution operator. If L d : G −→ R is a regular Lagrangian, then pushing forward to E * G with the discrete Legendre transformations, we obtain the discrete Hamiltonian evolution operator,ξ
which is given byξ
we deduce that (see [35] ):
Noether's theorem. In Discrete Mechanics is also possible to relate invariance of the discrete Lagrangian under some transformation group with the existence of constants of the motion. In fact, we will say that a section X of E G is a Noether's symmetry of the Lagrangian
In the particular case when
If L d : G −→ R is a regular discrete Lagrangian, by a constant of the motion we mean a function F invariant under the discrete Euler-Lagrange evolution operator
Then, we have the following result.
Theorem 6.2 (Discrete Noether's theorem). [35] If X is a Noether symmetry of a discrete Lagrangian
L d , then the function F = Θ − L d (X (1,1) ) − α * f is a constant of the motion for the discrete dynamics defined by L d .
Classical Field Theory on Lie algebroids
In this section, we study Classical Field Theories on Lie algebroids. We consider a fiber bundle ν : M −→ N , a Lie algebroid structure on a vector bundle τ E M : E −→ M and a surjective morphism of Lie algebroids π : E −→ T N over ν. The physical interpretation of the above data is as follows: we will consider a field theory in which the fields are the sections of the bundle ν and the partial derivatives of the fields are parameterized by linear sections of π.
We will find the equations for the extremals of a variational problem which roughly speaking is the following: given a Lagrangian function L defined on the set of sections of π, and a volume form ω on the manifold N , we look for those morphisms of Lie algebroids which are critical points of the action functional
This is a constrained variational problem, because we are restricting the fields Φ to be morphisms of Lie algebroids, which is a condition on the derivatives of Φ. 7.1. Jets. We consider two vector bundles τ E M : E −→ M and τ F N : F −→ N and a surjective vector bundle map π : E −→ F over the map ν : M −→ N . Moreover, we will assume that ν : M −→ N is a smooth fiber bundle. We will denote by K −→ M the kernel of the map π, which is a vector bundle over M . Given a point m ∈ M , if we denote n = ν(m), we have the following exact sequence 0 −→ K m −→ E m −→ F n −→ 0, and we can consider the set J m π of splittings φ of such sequence. More concretely, we define the following sets L m π = { w :
L m π is a vector space, V m π is a vector subspace of L m π and J m π is an affine subspace of L m π modeled on the vector space V m π. By taking the union, Lπ = ∪ m∈M L m π, Jπ = ∪ m∈M J m π and Vπ = ∪ m∈M V m π, we get the vector bundlẽ π 10 : Lπ −→ M and the affine subbundle π 10 : Jπ −→ M modeled on the vector bundle π 10 : Vπ −→ M . We will also consider the projection π 1 : Jπ −→ N defined by composition π 1 = ν • π 10 . An element of J m π will be simply called a jet at the point m ∈ M and accordingly the bundle Jπ is said to be the first jet bundle of π.
Notice that the standard case [52] is recovered when we have a bundle ν : M −→ N and one considers the standard Lie algebroids E = T M −→ M and F = T N −→ N together with the differential of the projection π = T ν : T M −→ T N . With the standard notations, we have that J 1 ν ≡ J(T ν).
Local coordinates on Jπ are given as follows. We consider local coordinates (x i ) on N and (x i , u A ) on M adapted to the projection ν. We also consider local basis of sections {ē a } of F and {e a , e α } of E adapted to the projection π, that is π • e a =ē a • ν and π • e α = 0. In this way {e α } is a base of sections of K. An element w in L m π is of the form w = (w Anchor. Consider now anchored structures on the bundles E and F , that is, we have two vector bundle maps ρ F : F −→ T N and ρ E : E −→ T M over the identity in N and M respectively. We will assume that the map π is admissible, that is
The anchor allows us to define the concept of total derivative of a function with respect to a section. Given a section σ ∈ Sec(F ), the total derivative of a function f ∈ C ∞ (M ) with respect to σ is the function df ⊗ σ, i.e., the affine function associated to df ⊗ σ ∈ Sec(L * π). In particular, the total derivative with respect to an elementē a of the local basis of sections of F , will be denoted byf |a . In this way, if σ = σ aē a then df ⊗ σ =f |a σ a , where the coordinate expression off |a iś
Notice that, for a function f in the base N , we have thatf |a = ρ i a ∂f ∂x i are just the components of df in the basis {ē a }.
Bracket. Finally, let us assume that we have Lie algebroid structures on τ 7.2. Morphisms and admissible maps. By a section of π we mean a vector bundle map Φ such that π • Φ = id F , (i.e., we consider only linear sections of π (see also [16] )). It follows that the base map φ : N −→ M is a section of ν, i.e., ν • φ = id N . The set of sections of π will be denoted by Sec(π). The set of those sections of π which are a morphism of Lie algebroids will be denoted by M(π). We will find local conditions for Φ ∈ Sec(π) to be an admissible map between anchored vector bundles and also local conditions for Φ to be a morphism of Lie algebroids.
Taking adapted local coordinates (x i , u A ) on M , the map φ has the expression φ(
). If we moreover take an adapted basis {e a , e α } of local sections of E, then the expression of Φ is given by Φ(ē a ) = e a + y α a (x)e α , so that the map Φ is determined by the functions u A (x), y α a (x) locally defined on N . The action on the dual basis is Φ ⋆ e a =ē a , and Φ ⋆ e α = y α a (x)ē a , and for the coordinate functions
The admissibility condition reads Φ
i we get an identity, while taking f = u A we get the condition
In addition to the admissibility condition, the morphism condition reads Φ ⋆ dθ = d(Φ ⋆ θ) for every section θ of E * . For θ = e a we get an identity, while for θ = e Here by L(Φ) we mean the function n → L(Φ n ), where Φ n ∈ Jπ is the restriction of Φ the fiber F n = T n N . It is important to notice that the above variational problem is a constrained problem, not only because the condition π • Φ = id F , which can be easily solved, but because of the condition of Φ being a morphism of Lie algebroids, which is a condition on the derivatives of Φ. Taking coordinates on N such that the volume form is ω = dx 1 ∧ · · · ∧ dx r , the problem is to find the critical points of The first method one can try to solve the problem is to use Lagrange multipliers. Nevertheless, one has no warranties that all solutions to this problem are normal (i.e., not strictly abnormal). In fact, in simple cases such as the problem of a heavy top [38] , one can easily see that there will be strictly abnormal solutions. Therefore we take another approach, which consists of finding explicitly finite variations of a solution, that is, defining a curve in M(π) starting at the given solution.
Variations and infinitesimal variations. In order to find admissible variations, we consider sections of E and the associated flow. With the help of this flow we can transform morphisms of Lie algebroids into morphisms of Lie algebroids.
Flow defined by a section. We recall that every section of a Lie algebroid has an associated local flow composed of morphisms of Lie algebroids [42, 34] . More explicitly, given a section σ of a Lie algebroid E, there exists a local flow Φ s : E −→ E such that
for any section θ of E. Moreover, for every fixed s, the map Φ s is a morphism of Lie algebroids, and the base map φ s : M −→ M , the (ordinary) flow of the vector field ρ(σ) ∈ X(M ).
Complete lift of a section. In this section we will define the lift of a projectable section of E to a vector field on Jπ, in a similar way to the definition of the first jet prolongations of a projectable vector field in the standard theory of jet bundles [52] . We consider a section σ of a Lie algebroid E projectable over a section η of F . We denote by Ψ s the flow on E associated to σ and by Φ s the flow on F associated to η. We recall that, for every fixed s, the maps Ψ s and Φ s are morphisms of Lie algebroids. Moreover, the base maps ψ s and φ s , are but the flows of the vector fields ρ E (σ) and ρ F (η), respectively.
The projectability of the section implies the projectability of the flow. It follows that (locally, in the domain of the flows) we have defined a map LΨ s : Lπ −→ Lπ by means of LΨ s (w) = Ψ s • w • Φ −s . By restriction of LΨ s to Jπ we get a map JΨ s , which is a local flow in Jπ. We will denote by X (1) σ the vector field on Jπ generating the flow JΨ s . The vector field X (1) σ will be called the complete lift to Jπ of the section σ. Since JΨ s projects to the flow ψ s it follows that the vector field X (1) σ projects to the vector field ρ E (σ) in M . Locally, a section σ = σ a e a + σ α e α is projectable if σ a = σ a (x i ) depends only on x i . Its complete lift X (1) σ has the local expression Euler-Lagrange equations. Let Φ ∈ M(π) be a critical point of S. In order to find admissible variations we consider a π-vertical section σ of E. Its flow Ψ s : E −→ E projects to the identity in F = T N . Moreover we will require σ to have compact support. Since for every fixed s, the map Ψ s is a morphism of Lie algebroids, it follows that the map Φ s = Ψ s • Φ is a section of π and a morphism of Lie algebroids, that is, s → Φ s is a curve in M(π). Using this kind of variations we have the following result. Proof. Recall that by L(Φ) we mean the function in N given by L(Φ)(n) = L(Φ n ), where Φ n is the restriction of Φ : F −→ E to the fiber F n . The function L(Φ s ) is
s L)(Φ)(n), and therefore the variation of the action along the curve s → Φ s is
Taking into account the local expression of X (1) σ for a π-vertical σ, we have that Since σ has compact support the second term vanishes by Stokes theorem. Moreover, since the section σ is arbitrary, by the fundamental theorem of the Calculus of Variations, we get δL = 0, which are the Euler-Lagrange equations. Notice that the first two equations in the above statement are nothing but the morphism conditions.
Examples.
Standard case. In the standard case, we consider a bundle ν : M −→ N , the standard Lie algebroids F = T N and E = T M and the tangent map π = T ν : T M −→ T N . Then we have that Jπ = J 1 ν. When we choose coordinate basis of vector fields (i.e., of sections of T N and T M ) we recover the equations for the standard first-order field theory. Moreover, if we consider a different basis, what we get are the equations for a first-order field theory written in pseudo-coordinates [5, 14, 42] .
Time-dependent Mechanics. In [50, 51] we developed a theory of Lagrangian Mechanics for time dependent systems defined on Lie algebroids, where the base manifold is fibered over the real line R. Since time-dependent Mechanics is nothing but a 1-dimensional field theory, our results must reduce to that.
The morphism condition is just the admissibility condition so that, if we write x 0 ≡ t and y in full agreement with [44] . In particular, for an autonomous system on a Lie algebroid V −→ Q, one considers E = T R×V −→ R×M with π the projection onto the first factor T R. Our results provide yet another indication of the variational character of autonomous mechanical systems on Lie algebroids.
Topological field theories. Given a closed r-form Ω on a Lie algebroid V −→ Q, we can define a topological field theory as follows. For an r-dimensional manifold N we consider F = T N −→ N , E = T N × V −→ N × Q and π the projection onto the first factor T N . The Lagrangian of the theory is L(Φ) = Φ ⋆ Ω. Then it is easy to see that the Euler-Lagrange equations reduce to the morphism condition. In this way, one can cope with systems such as Poisson σ-models or Chern-Simons theories [2, 42, 43] .
Systems with symmetry. The case of a system with symmetry is very important in Physics. We consider a principal bundle ν : P −→ M with structure group G and we set N = M , F = T N and E = T P/G (the Atiyah algebroid of P ), with π([v]) = T ν(v). Sections of π are just principal connections on P and a section is a morphism if and only if it is a flat connection. The kernel K is just the adjoint bundle (P × g)/G −→ M . By an adequate choice of a local basis of sections of F , K and E one easily find the covariant Euler-Poincaré equations [7, 8] . The covariant Lagrange-Poincaré equations [6] can also be recovered within this formalism.
Future work
We have illustrated the generality of the theory of Lie algebroids and groupoids in a wide range of situations, from nonholonomic Lagrangian and Hamiltonian systems and mechanical control systems to Discrete Mechanics and extensions to Field Theory. Current and future directions of research include the following:
Hamilton-Jacobi equation for a Hamiltonian system on a Lie algebroid: It would be interesting to continue with the study started in [26] of HamiltonJacobi theory for Hamiltonian systems on Lie algebroids. In particular, it would be interesting to introduce a suitable definition of a local (global) complete integral of the Hamilton-Jacobi equation. The idea would be that the knowledge of an integral of the equation would allow the "direct determination" of some integral curves of the corresponding Hamiltonian vector field. Geometric formalism for Vakonomic Mechanics on Lie algebroids: An interesting topic to study is the case of constrained variational problems on Lie algebroids. In this case, to derive the equations of motion for a Lagrangian system subject to nonholonomic constraints, one invokes a variational principle, rather than the Lagrange-D'Alembert's principle (cf. Section 4). The differential equations obtained, called vakonomic equations, are in general different. From an optimal control perspective, it seems interesting to generalize the formalism developed in [11] .
Mechanical control systems on Lie algebroids:
Topics of interest related to mechanical control systems on Lie algebroids include the investigation of controllability tests along relative equilibria and the study of systems that include gyroscopic and dissipative forces. Discrete Mechanics on Lie groupoids: We are currently studying the construction of geometric integrators for mechanical systems on Lie algebroids. We have introduced the exact discrete Lagrangian in the Lie groupoid formalism, and are discussing different types of discretizations of continuous Lagrangians and their numerical implementation. We plan to explore natural extensions to forced systems and to systems with holonomic and nonholonomic constraints as in [12, 27] . Classical Field Theory and Lie algebroids: In [16, 44] the authors have introduced the notion of a Lie affgebroid structure [17, 41, 44] (see also [21] ). They have developed a Lagrangian (and Hamiltonian) formalism on Lie affgebroids, which generalizes some classical formalisms for time-dependent Mechanics and, in addition, may be applied to other situations. Since time-dependent Mechanics is a 1-dimensional field theory, it would be interesting to define the notion of a "Lie multialgebroid", as a generalization of the notion of a Lie affgebroid. This mathematical object should encode the geometric structure necessary to develop field theories. The first example of a Lie multialgebroid¡ should be Jπ. The notion of a Lie multialgebroid will potentially allow to study other aspects of the theory, such as Tulczyjew's triples associated with a Lie multialgebroid and HamiltonJacobi equation for classical field theories on Lie multialgebroids.
